Introduction and results
In the present note we continue a theme which goes back to Arnold's seminal survey "First steps in symplectic topology" [Arn] . A hypersurface in a cotangent bundle is called optical if it bounds a fiberwise strictly convex domain. Likewise, a Lagrangian submanifold is called optical if it lies in an optical hypersurface; a particularly important class of examples is given by invariant tori in classical mechanics. Arnold suggested to look at optical Lagrangian submanifolds from the symplectic topology point of view. Arnold's suggestion inspired a number of results in this direction (see, e.g., [BiPo1, BiPo2] ).
In this note, we go a step further and establish a new boundary rigidity phenomenon which, roughly speaking, can be formulated as follows. Certain Lagrangian submanifolds lying in an optical hypersurface cannot be deformed into the domain bounded by that hypersurface (see Section 1.2). Moreover, it turns out that the "non-removable intersection set" between the Lagrangian and the hypersurface contains sets with specific dynamical behavior (see Section 1.3 and the discussion in Section 3.2).
Finally, we focus on Lagrangian submanifolds which lie in the open domain bounded by optical hypersurfaces. Although these submanifolds cannot be interpreted as invariant sets anymore, they still appear in a number of interesting situations in geometry and dynamics (see Section 1.5).
Preliminaries
Let θ : T * X → X be the cotangent bundle of a closed manifold X, equipped with the canonical symplectic form ω = dλ where λ is the Liouville 1-form. We write O for the zero section, and denote by L the class of all Lagrangian submanifolds of T * X which are Lagrangian isotopic to O. Given L ∈ L, the natural projection θ L : L → X induces an isomorphism between the cohomology groups H 1 (X, R) and H 1 (L, R). The preimage of [λ| L ] under this isomorphism is called the Liouville class of L and is denoted by a L . We say that a submanifold L ∈ L is exact if a L = 0.
A smooth closed hypersurface Σ ⊂ T * X is called optical if it intersects each fiber of the cotangent bundle transversely in a nonempty smooth strictly convex hypersurface. Denote by σ the characteristic foliation of Σ, i.e., the 1-dimensional foliation tangent to the kernel of ω| T Σ . Note that σ is orientable and tangent to each Lagrangian submanifold contained in Σ.
An orientable 1-dimensional foliation on a closed manifold is called conservative if it admits a nonvanishing tangent vector field whose flow preserves a measure which is absolutely continuous with respect to any Riemannian measure.
Let L ∈ L be a Lagrangian submanifold lying in an optical hypersurface Σ. Assume, in addition, that the restriction σ| L of the characteristic foliation is conservative. In this case, one can show that L is a section of the cotangent bundle; this multi-dimensional version of the second Birkhoff theorem was established in [BiPo1] . The assumption on the conservativity of σ| L can be somewhat relaxed, but it is still unknown whether it can be omitted completely. Interestingly enough, the same assumption appears in a crucial way in the following, seemingly different problem.
Boundary rigidity
Let Σ ⊂ T * X be an optical hypersurface. Denote by U Σ the closed domain bounded by Σ. 
In particular, L cannot be deformed inside U Σ by an exact Lagrangian isotopy, i.e., by a Lagrangian isotopy that preserves the Liouville class. Theorem 1.1 is proved in Section 2.3 below. As the following example shows, the assumption about the dynamics of the characteristic foliation cannot be omitted (although the result seems likely to remain true under the weaker assumption that the characteristic foliation σ| L is chain recurrent).
Then Σ contains the zero-section O. However, the restriction σ| O of the characteristic foliation is a Reeb foliation with exactly two limit cycles and, therefore, not conservative. We claim that O is not boundary rigid either. Indeed, the exact Lagrangian torus K = graph(df ) with
It is worth mentioning that K intersects Σ precisely at the two limit cycles of the characteristic foliation. As we will see in the following paragraph, this is no coincidence.
Non-removable intersections
Let Σ ⊂ T * X be a smooth closed hypersurface which bounds a compact domain U Σ (not necessarily fiberwise convex!). Denote by σ the characteristic foliation of Σ. Introduce the following class L ′ of closed connected Lagrangian submanifolds of T * X. We say that K ∈ L ′ if there exists a closed 1-form α on X such that the restriction of λ − θ * α to K is exact, where θ : T * X → X is the natural projection. We call a K := [α] ∈ H 1 (X, R) the Liouville class of K. Clearly L ⊂ L ′ , and the new notion of Liouville class agrees with the one given in Section 1.1.
The proof is given in Section 2.1 below. In particular, in Example 1.2 above the intersection of the zero section O and any exact Lagrangian submanifold K ⊂ U Σ must contain at least one limit cycle of the characteristic foliation of O (see Section 3.2 below for further discussion). Theorem 1.3 has the following immediate application to boundary rigidity. Recall that a 1-dimensional foliation on a closed manifold is called minimal if its leaves are everywhere dense.
Comparing Corollary 1.4 to Theorem 1.1, we see that the corollary is applicable to a wider class of domains (it does not require convexity); on the other hand, the dynamical assumption on the characteristic foliation is much more restrictive. Example 1.5. Consider the case when Σ is the unit sphere bundle of the Euclidean metric on the torus T n , i.e., Σ = {|p| = 1}. Theorem 1.1 yields boundary rigidity for all flat Lagrangian tori {p = v} lying in Σ, while Corollary 1.4 gives boundary rigidity only when the coordinates of v are rationally independent.
Symplectic shapes of open convex domains
In this paragraph, we focus on Lagrangian submanifolds lying in open convex subsets of some cotangent bundle. Here we say that a subset U ⊂ T * X is convex if it intersects each fiber in a convex set. Furthermore, it will be convenient to use the language of symplectic shapes introduced by Sikorav [Sik1, Sik2] and Eliashberg [El] . The shape of a subset
an open convex subset. Then every class a ∈ sh(U) can be represented by a Lagrangian section of the cotangent bundle.
The following is a direct consequence of Theorem 1.6.
Note that the shape of an open subset is always open (this follows immediately from Weinstein's Lagrangian neighborhood theorem), so the main statement here is about convexity. The proof of Theorem 1.6 is given in Section 2.4.
Shapes in geometry and dynamics
For a subset U ⊂ T * X, we define
as the collection of all a ∈ H 1 (X, R) such that U contains a Lagrangian section of T * X with Liouville class a (or, in other words, the graph of a closed 1-form representing the cohomology class a).
In contrast to the symplectic shape sh(U), the "sectional shape" sh 0 (U) is, in general, not preserved by Hamiltonian diffeomorphisms of T * X and, hence, does not belong to the purely symplectic realm. However, it naturally arises and plays a significant role in a number of interesting situations. In fact, this antithesis was the starting point of our present research. It is resolved in a way by Theorem 1.6, which states that for open convex sets U ⊂ T * X both notions coincide:
Example 1.8. Take a Riemannian metric g on X and consider the open unit ball bundle
There exists a remarkable norm on H 1 (X, R), called Gromov-Federer stable norm, whose open unit ball coincides with sh 0 (U) (see [Gro2] ). Let us illustrate the corresponding dual norm A for a homology class A ∈ H 1 (X, Z). Write ℓ(A) for the minimal length of a closed geodesic representing A. Then
Thus, for the Riemannian case, equation (1) leads to a description of the symplectic shape of a Riemannian unit ball bundle in purely geometric terms.
Example 1.9. Let F : T * X → R be a fiberwise strictly convex Hamiltonian function. Assume that F is proper and bounded from below. Define the function α :
This function is known as the convex conjugate of the Mather minimal action [Mat] ; it was intensively studied in the past decade (see, e.g., [CIPP, Sib] ). Equation (1) translates the variational definition of Mather's minimal action into symplectic language.
As an illustration, consider the value α(0). It is called Mañé's critical value. It plays an important role when one studies the dependence of the dynamics in the energy levels {F = e} on the energy value e. This problem is still far from being solved completely, even in a basic model of the magnetic field on a closed manifold X [BuPa, PeSi] . The following beautiful result was proved in [CIPP] for a wide class of convex Hamiltonians F . Namely, for e > α(0), the dynamics in the energy level {F = e} can always be seen as a time reparametrization of an appropriate Finsler flow on X.
Proofs

Proof of Theorem 1.3
Let v be a non-vanishing vector field on Σ tangent to the characteristic foliation σ. Arguing by contradiction, we suppose that the intersection K ∩L contains no compact invariant set of σ. Then, by a theorem of Sullivan [Sul, LaSi2] , there exists a smooth function h : Σ → R such that dh x (v) > 0 for every x ∈ K ∩L. Extend h to a function H defined near Σ, and denote by X H the corresponding Hamiltonian vector field. Note that X H is transverse to Σ at each point in K ∩ L. Changing, if necessary, the sign of v we can achieve that at these points X H is pointing inside the domain U Σ . Let φ t be the Hamiltonian flow of X H , defined in a neighbourhood of Σ. Since K ⊂ U Σ and L ⊂ Σ, it follows that φ t (K) ∩ L = ∅ provided t > 0 is sufficiently small. But the Lagrangian submanifolds φ t (K) and L have equal Liouville classes and, therefore, must intersect by a result of Gromov [Gro1] . This is a contradiction.
The graph selector of a Lagrangian submanifold
The proofs of most of our main results are based on the following theorem which was outlined by Sikorav (in a talk held in Chaperon's seminar) and proven by Chaperon (in the framework of generating functions) and Oh (via Floer homology).
Theorem 2.1 (Sikorav, Chaperon [Cha] , Oh [Oh] ). Let L ⊂ T * X be an exact Lagrangian submanifold with L ∈ L. Then there exists a Lipschitz continuous function Φ : X → R, which is smooth on an open set X 0 ⊂ X of full measure, such that
for every x ∈ X 0 . Moreover, if dΦ(x) = 0 for all x ∈ X 0 , then L coincides with the zero section O.
We call the function Φ the graph selector associated to the Lagrangian submanifold L. In order to explain this terminology, consider L as a multivalued section of the cotangent bundle. Then the differential dΦ(x) selects a single value of this section over the set X 0 in a smooth way.
2.3 Detecting boundary rigidity-proof of Theorem 1.1
By the multi-dimensional Birkhoff theorem [BiPo1] (see also Section 1.1), L is a Lagrangian section, i.e., L = graph(α) for some closed 1-form α. By applying the symplectic shift (x, p) → (x, p − α(x)) we may assume that
is the zero section. Note that the transformed domain remains strictly convex.
Suppose now there is another Lagrangian submanifold K ⊂ U Σ , obtained from L by an exact Lagrangian deformation. Let Φ : X → R be the graph selector associated to K so that (x, dΦ(x)) ∈ K for all x ∈ X 0 , where X 0 ⊂ X is a set of full measure as in Theorem 2.1. Pick a smooth Hamiltonian function H : T * X → R which is fiberwise strictly convex such that Σ is a regular level set of H. Since L = O the vector ∂H ∂p (x, 0) gives the outer normal direction to the hypersurface Σ∩T *
in local canonical coordinates (x, p) for all x ∈ X 0 with dΦ(x) = 0. Let v be a non-singular vector field on L which is tangent to the characteristic foliation, and whose flow ψ s preserves a measure µ which is absolutely continuous with respect to any Riemannian measure. Then the Hamiltonian differential equations for H show that v is collinear to the vector field ∂H ∂p (x, 0) on L. In view of (2), we may assume that
for all x ∈ X 0 with dΦ(x) = 0.
On the other hand, we claim that
Note that the theorem is an immediate consequence of (4). Indeed, combining (4) with (3) we see that dΦ must vanish on X 0 , and hence
in view of Theorem 2.1. It remains to prove formula (4). Since the function Φ is Lipschitz continuous, the function s → Φ(ψ s x) − Φ(x) on [0, 1] is also Lipschitz continuous for every x ∈ X. By Rademacher's theorem, it is differentiable almost everywhere with
Since the flow ψ s preserves the measure µ we have
Since X 0 has full measure with respect to µ and since ψ s preserves µ, we have
This proves (4) and finishes the proof of the theorem.
Constructing sections-proof of Theorem 1.6
Let us denote the fiberwise convex hull of a set S ⊂ T * X by conv(S). Theorem 1.6 is an immediate consequence of the following proposition.
Proof. We may assume that L is an exact Lagrangian submanifold, simply by applying the symplectic shift (x, y) → (x, y − α(x)) where α is the closed 1-form on X representing the Liouville class a L .
Let Φ : X → R be the graph selector associated to L as described in Theorem 2.1; namely, Φ is Lipschitz continuous, smooth on an open subset X 0 ⊂ X of full measure, and satisfies
The proof of Proposition 2.2 is divided into two steps.
Smoothing:
We are going to regularize the Lipschitz function Φ by a convolution argument, similar to the proof of Prop. 7 in [CIPP] . For this, we embed X into some Euclidean space R N . Denote by V r the r-neighborhood of X in R N where r > 0 is chosen small enough so that the orthogonal projection π : V r → X is well defined. We extend Φ : X → R to a functionΦ : V r → R by settingΦ := Φ • π. SinceΦ is Lipschitz continuous, it is differentiable almost everywhere and weakly differentiable. Therefore,Ψ is a smooth function on V s with
Denote by Ψ :=Ψ| X the restriction ofΨ to X, and let B s (x) ⊂ V s ⊂ R N be the open ball of radius s centered at x ∈ X. Because X 0 has full measure in X, we conclude that
Note that, for this formula to make sense, we identify each T y R N (for y ∈ R N ) with R N , and each T x X (for x ∈ X) with a linear subspace of R N .
Analysing formula (6): For each x ∈ X, we write
for the orthogonal projection. Write | · | for the Euclidean norm on R N , and | · | * for the dual norm on (R N ) * . Introduce a distance function on T * X by setting
For x ∈ X, we define the set
For a subset Z ⊂ T * X, we denote by W ǫ (Z) the ǫ-neighborhood of Z with respect to the distance defined in (7).
Lemma 2.3. For every ǫ > 0 there is an s > 0 such that
Proof. Pick any point
with x ∈ X and y ∈ π −1 (X 0 )∩B s (x). We will show that the distance between η 1 and η 2 := (π(y), dΦ(π(y))) ∈ graph(dΦ| X 0 ) tends to 0 as s → 0, uniformly in x and y. Indeed, denote by c > 0 the Lipschitz constant of Φ with respect to the induced distance on X ⊂ R N . We consider Dπ(y) as an endomorphism of R N and write · for the operator norm on End(R N ). Then we can estimate
Note that |x − y| + |y − π(y)| ≤ 2s tends to 0 as s → 0, so it remains to handle the term Dπ(y) • P x − P π(y) . Observing P x = P π(y) = 1, we obtain
where the last term goes uniformly to 0 as s → 0. This finishes the proof of Lemma 2.3. Now we can readily prove Proposition 2.2. Namely, given any ǫ > 0, we choose s as in Lemma 2.3. Then (6), Lemma 2.3, and (5) imply that
for each x ∈ X. Thus the Lagrangian section L 0 := graph(dΨ) satisfies
Since ǫ > 0 was arbitrary the proof of Proposition 2.2 is completed. 
is not null-homotopic, the same holds true for τ | L : L → R 2 \ {0} as well. A theorem by Giroux [Gir, ElPo] now states that such an L cannot be a Lagrangian submanifold, and hence the shape of U 0 Σ is indeed empty.
Non-removable intersections revisited
Let U Σ be a closed (not necessarily convex) domain bounded by a hypersurface Σ ⊂ T * X. One can show that every Lagrangian submanifold K ∈ L whose Liouville class lies on the boundary ∂sh(U Σ ) must intersect Σ. This follows immediately from Sikorav's elegant reformulation [Sik1] of Arnold's Lagrangian intersection conjecture proved in [LaSi1, Hof, Gro1, Che] : shapes of disjoint subsets of T * X are disjoint. Applying Sullivan's theorem exactly as in the proof of Theorem 1.3, one can refine this observation as follows. Further, one can try to understand the dependence of the intersection set K∩Σ on the Liouville class a K of K. More precisely, take a class a ∈ ∂sh(U Σ ). It would be interesting to describe the collection I a of compact invariant sets of the characteristic foliation such that for every K ⊂ U Σ with a K = a the following holds:
(weak version) K ∩ Σ contains some set from I a (strong version) K ∩ Σ contains each set from I a .
Consider, for instance, the optical hypersurface Σ from Example 1.2 above and put a = 0. In this case the weak version of the problem above follows from the results of Section 1.3: the collection I 0 consists of the two limit cycles of the characteristic foliation on the zero section. The strong version in this case looks as follows.
Question 3.3. Is it true that K ∩ Σ contains both limit cycles of the characteristic foliation on the zero section? Let us outline the idea which may lead to the affirmative answer. Let Φ be the graph selector associated to K. Fix a limit cycle of the characteristic foliation, and denote by γ its projection to T 2 . Assume for simplicity that γ is transversal to the singular set of Φ. Then the integral γ dΦ is well defined and vanishes. Assume now that the limit cycle is not contained in K ∩ Σ. Then one can show that dΦ(γ) < 0 on an open subset of γ, similar to the proof of inequality (2) in Section 2.3. Therefore γ dΦ < 0, and we arrive at a contradiction.
Our impression is that for general optical hypersurfaces, the collection I a of non-removable intersection sets can be described in terms of Mather's theory of minimal measures [Mat] .
Boundary rigidity in general symplectic manifolds
The boundary rigidity phenomenon can be naturally formulated in the following more general context. Let (M, ω) be a compact symplectic manifold with non-empty boundary, and let L ⊂ ∂M be a closed Lagrangian submanifold. Denote by L 0 the space of all Lagrangian submanifolds of M which are exact Lagrangian isotopic to L (see for instance [Pol] for the definition of exact Lagrangian isotopies in symplectic manifolds). We say that L is boundary rigid if L 0 = {L}, and weakly boundary rigid if every K ∈ L 0 is contained in ∂M.
Theorem 1.1 already provides a class of examples of boundary rigid Lagrangian submanifolds. It would be interesting to investigate boundary rigidity in other symplectic manifolds as well.
Example 3.4 (A toy example). Let M = D
2 be the 2-disc endowed with some area form. Then the circle L = ∂D 2 is boundary rigid. Indeed, every circle K ∈ L 0 must enclose the same area as L, and hence K = L.
Can one generalize this example to higher dimensions? For instance, let M be the Euclidean ball 
One can show that L admits a nontrivial exact Lagrangian isotopy inside ∂M and hence is not boundary rigid. Further, it would be interesting to extend the study of non-removable intersections, both between Lagrangian submanifolds as in Section 1.3, and between a Lagrangian submanifold and a hypersurface as in Section 3.2, to more general symplectic manifolds. An interesting playground for this problem is given by tori in ellipsoids as in Question 3.5. For instance, let L be the split torus given by (8), and L ′ any exact Lagrangian deformation of L which lies in the closed ball M of radius √ 2. Just recently, Y. Eliashberg outlined a beautiful argument based on symplectic field theory which suggests that L ′ must intersect the boundary of the ball. Applying Sullivan's theorem again, we conclude that L ′ ∩ ∂M must contain a closed orbit of the characteristic foliation of ∂M. We refer to [Bir] for further discussion on symplectic intersections.
